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place in the scattering line in the plot (upper lip of unitarity cut of the first Riemann sheet). We find three poles in
the Second Riemann Sheet which positions are (8 = M — iM Dy ):

AN vicst Pole: Mg = 1368 £12 =250 £20 (20)

o~

Second Pole: Mg =143 &£ 3 [y=50%7 E'«‘I‘S P so) ()
e

\ Third Pole: My =1677T5£08 =202 14 (l627.7, Z."l") (22

where all units are given in MeV and errors have been transported Trom those in the best fit parameters (Eq. (A1),
taking into aceount the existing statistical correlations through a Monte-Carlo simulation.

These poles are related to the two Sg resonances A(1405) and A{1670) which appear up to this range of energy in
the PDG (Ref. [33]). The third pole above can be clearly identified to the A(1670) which is located at

A(I670); My =1670£10 Tp=235%1%  Ref. (33]
My =168 2 Tp=23%£6 Rel. [31] (23)

where again units are in MeV. The agresment of our predictions and the experimental data Is satisfactory and better
than the previous theoretical LSE approach of Ref. [18]. Let us look at the A{1405) resonance, following the PDG it
is placed at (in MeV)

A{1408) 0 My = 1406.5 & 4.0 Fp=50+2 Ref. [33] (24}

Our amplitudes have two poles in the region of 1400 MeV, Eqgs. (20) and (21). The features of the second one are
in agreement with the previous results of Refs. [17,18] and though the width compares well with the experiment, the
mass is shifted to higher values, Besides, we should note that the pole quoted in Eq, (20) is very broad and can not
be identified with any of the experimentally established resonances. This pole is also present in the LSE model of
Refs. [17,18], as it was pointed out in Ref. [34], though the mass position there is similar (Mg = 1390 MeV), the width
is about a factor two narrower (p = 132 MeV) than ours, Our understanding is that this broad resonance does not
influence strongly the scattering line. However, the #X mass spectrum peaks around 1405 MeV in the experimental
data and also in our approach as can be seen in Fig. 1. This is a clear indication of a sizeable non resonant contribution
on top of our 1443 MeV pole.

{In the other hand, there are unphysical poles in the physical (first) Riemann sheet. These unphysical poles appear
because we have truncated the erated potential to solve the BSE. The two of them closer to the scattering line are
located at (s = M? + IMT) with M = 1166, I' & £200 MeV and M = 1616, T == 631 MeV. The tails of both poles
can be seen in Fig. 4 and they do not influsnce the scatbering line. In Appendix B, we will show the results from a fit
which, at first sight, are even in a butter agreement with the experimental data (Subsect. 1ITA) than those presented
up to now. However this apparent improvement is achieved because the unphysical poles get closer to real 5 axis and
they affect, in a substantial wanner, the scattering amplitudes. Hence, we discard this minimum, and we would like
to note that it is important to observe the positions and influence of the unphysical poles when deciding the goodness
of a phenomenological description of data.

Finally, we have also analyaed the nature of resonances on the light of the well known Breit-Wigner parameterization
for coupled channels (S w.g. Ref. [35] and references therein),

]+ ﬂ’“‘”"}ﬁlfu\/l,‘.{'w[‘}m"
PPy 8= .ﬁ"fﬂ- + Mgl g

for which the background is assiimed to be diagonal in coupled channel space and the relative phase of the resonance
to the background and the sum partial decay widths, 37, I''Y = Iy, are chosen in such a way that ¢ (s) exactly
Fulfills unitarity on the real axis. The branching ratio is then defined as B = '™ /I'y, Subtracting the resonance
contribution to the total wmplitude, we have found that for our A(1670) the background is not a diagonal matrix, since
for our ty-matrix we get 235, by = P 3 T, [t ~ 5"V for s = M, with "W the second term in Eq. (25).
In addition, the BW parameterization suggests a relation between the residue at the pole and the imaginary part of
the pole. This relation is only true in the sharp resonance approximation, '™ << p; with p; the CM momentum of
the decaying state. We have also checked thay for our problem this is not the case. Actually, with such a definition
we find that ), W = L8y for the A{1670). This is a simple consequence of the incorrect assumption made by
Eq. (25).

) LYY
"E“[’] - "ﬁ [ﬁmi -

(25)
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FI1G. 6. Different paths, in the s—complex plane, showing how to reach the point S, located in the
physical scattering region in the interval [l[f:l:t,Ir + Myl (my + My )], from points P (eventually poles)
located in different Riemann sheets, denoted by the vector n as introduced in Eq. (46), and placed both in
the first and fourth quadrants. The unitarity cuts are also depicted in the figure. The “distance” between
5 and P is obtained by the length of the shortest path joining them. This can be achieved after continuous
deformation of the paths depicted in the figure, i.e. any deformations without intersecting the branch points.

Thus, we define the * Second Riemann Sheet” in the relevant fourth quadrant (t;;(s))
as that which is obtained by mntmmtg across each of the four unitarity cuts. It is obtained
using for the diagonal matrix Jy(s) the following function'®

L(2;1,0,0,0) if (my, + My)? < Re(z) < (m, + My)?
L(z;1,1,0,0) if (m, + My)? < Re(2) < (mg + My)?
Lz 1,1,1,0) il (mg + Ms)? < Re(z) < (mg + Mg)?
L(z1,1,1,1) if (mg+ Mg)? < Re(z)

Lil(z) = (47)

“Though, each of the functions L(z;n) are analytical in the complex plane, except for the per-
tinent unitarity cuts, note that Cry so defined, is continuous for real values of s, but presents
additional discontinuities out of the real axis.
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FIG. 1. Solid lines: Results of our calculation. Experimental data for £ — X and K~ p — nA are from Refs, [28] and [30],
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For the elastic KN -+ KN scattering length we get
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gy = [aﬂ:&("’ = (mpg + ﬂjﬁf}?:']

= (~1.20 4 0,00+ 1,292 0.09) (19)
ENe-RN

where Lhe error is statistical and it has been obtained from the covariance matrix given in the Appendix A, taking
into account the existing statistical correlations, through a Monte-Carlo simulation. This value should be compared
both to the experimental one (—1.71 +1 (1.68) fm of Ref. [24] and to the LSE approach of Ref. [17] (—2.24 41 1.94) fin.

Unfortunately, the previous previous works do not provide error estimates, so one cannot decide on the compatibility
of results.

C. Second Riemnnn shect: poles and resonances.

In this section we are interested in describing masses and widths of the Sy — resonances in the 5§ = —1 channel,
Since causality imposes the absence of poles in the t(s) matrix in the physical sheet [32], one should search for complex
poles in unphysical ones. Among all of them, those closest to the physical sheet and hence to the scattering line are
the most relevant ones. We define the Second Riemann Sheet in the relevant fourth quadrant as that which is obtained
by continuity across each of the four unitarity cuts (see a detailed discussion in a similar context in Ref. [21]).

2.
¥
0.

Itaa(s)| l _ l

Firgl Riemann Sheet

Tr1iTT7T 1

2.9
Ims [fm*“] 19 =

15 60 ’

FIG. 4. Modulus of the A -+ gA element of the scattering amplitude €a) [fm], defined in Fg, {11), analytically extended to the
first and fourth quadrants of the s —eomples plane. The solid line Is the scattering line, s = = +i 0F, = € I, from the first threshold,
(e + My)?, on. The Pirst (Second) Iiemann Sheet is depicted in the first (fourth) quadrant of the s complex plane. Three poles appear
in the Second Riemann Sheet, which are conpected with the A{1406) and A{1670) resonances, see discussion in the main text. Begides
unphysical poles show up in the physical sheet out of thi real axis, but they do ot influence the scattering line as can be seen in the plot,

Physical resonances appear in the Second Riemann Sheet of the all matrix elements of ¢(s), defined in Eq. (11), in
the coupled channel space, differing only on the value of the residue at the pole. The residue determines the coupling
of the resonances to the given channel. In Fig. 4 we show the absolute value of the A — A element of the ¢ matrix,
We choose this channel because all found poles have a sizeable coupling to it. Both the fourth quadrant of the Second
Riemann Sheet and the first quadrant of the First (physical) Riemann sheet are shown, The physical scattering takes
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FIG. 2. Several ww phase shifts as a function of the total CM energy /& for both sets of I's guoted
in Eq. (29). Left (right) panels have been obtained with the set A (B) of parameters. Solid lines are
the predictions of the off-shell BSE approach, at lowest order, for the different IJ—channels, Dashed lines
are the 68% confidence limits. Top panels (1 = 0, J = 0): circles stand for the experimental analysis of
Refs. [21] - [26]. Middle panels (I = 1, J = 1}): circles stand for the experimental analysis of Refs. [21] and
[23]. Bottom panels (I = 2, J = 0); circles stand for the experimental analysis of Ref. {27]. In all plots
the triangles are the Frogatt and Petersen phase-shifts (Ref. [28]) with no errors due to the lack of error
estimates in the original analysis,
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